Limits — Indeterminate Forms and L.’ Hospital’s Rule

I. Indeterminate Form of the Type %

We have previously studied limits with the indeterminate form 0 as shown in the

following examples:

x*—4 (x+2)=72)
Example 1: 1 =lim ————=lim&x+2)=2+2=4
ple I i~ =lim == = lim(x+2)
sin 3x
tan3x . . sin3x 1 1
Example 2: [im — =lim C983x = lim : = =
=0 Sin2x x50 sin2x <=0 1 cos3x sin2x
3 sin 3x 1 2x 3 3
S, ) ) _ 2 D) =2
2@% 3x j[lﬂiro‘ cos3xj@1§% sin 2xj , D=7
) . .. .. sinA
[Note: We use the given limit hmT =1.]
A—0

3/
- ’ 1 . e,
Example 3: |im N8+th-2 f@®= ! =—. [Note: We use the definition
3/2
h 33/8 12

f(a+h2—f(a) where f(x)=3\/;

of the derivative f’(a) =1im
h—0

and a = 8.]

1
cosx —
Example 4: lim —é = f’(%)z —sin (7%): —\EA . [Note: We use the
x—)% X — %
definition of the derivative f’(a)=]im f0=fa) where
x—a

xX—a

f(x)=cosx and a:%.]



However, there is a general, systematic method for determining limits with the

indeterminate form % . Suppose that f and g are differentiable functions at x = a

and that jm AC),
x—a £Z(X

and ]ijm g(x) =0. Since f and g are differentiable functions at x = a, then fand g

xX—a

is an indeterminate form of the type % ; that is, Jim f(x) =0

Xx—a

are continuous at x = a; thatis, f(a)=]im f(x)=0and g(a) =]im g(x)=0.

xX—a Xx—a

Furthermore, since f and g are differentiable functions at x = a, then f'(a) =

tim 227D i e = 1im £ 8@ Thus, if ¢%(a) %0, then
x—a X—da x—a X—a
f(x)—f(a)
. fo-fla) . X—a ff@ .. ...
_ _ _ —im =% i £ and
lxlgll g(x) lxliral g(x)—g(a) lgral gx)—gla) g'(a) lxlgll g’ (x) ity an
X—da

g’ are continuous at x = a. This illustrates a special case of the technique known as
L’Hospital’s Rule.

L’Hospital’s Rule for Form %

Suppose that f and g are differentiable functions on an open interval
containing x = a, except possibly at x = a, and that [jm f(x) =0 and

Xx—a

limgx)=0. If im f/gx; has a finite limit, or if this limit is +oo or
x—a x—a g (X
—oo, then |im f (0 =]im f 0 . Moreover, this statement is also true

x—a g(X) x—a g,(X)
in the case of a limitas x > a ,x > a’,x = —o0, Or as x — +oo.

In the following examples, we will use the following three-step process:

Step 1. Check that the limit of fgx; 1s an indeterminate form of type % If it
g(x
is not, then L.’Hospital’s Rule cannot be used.

Step 2. Differentiate f and g separately. [Note: Do not differentiate f Ex;
g(x

using the quotient rule!]



f'(x)
g'(x)
f(x)
g(x)
S ( )

X

Step 3. Find the limit of . If this limit is finite, + oo, or — oo, then it is

equal to the limit of

. If the limit is an indeterminate form of type

% then s1mphfy algebraically and apply L’Hospital’s Rule again.

2y 2
Example 1: [jm ~ =lim — =2(2)=4
x—=2 X— 2 —2 1

Example 2: 1 tan 3x i 3sec’3x _3(1) _3
P M oy M D cos2x  2) 2
Le+m™a
o 3Brr—2 . SBTWEO 1 1
Example 3: |im — 7 =lim I =1lim / 7 =
h—0 h—0 0 38+ k)2 3(8)73 12

Example 4: lim ——5==1lim =
r 1
7

— _1 X _1 x 1
Example 5: [im % =lim ¢ =lim R [Use L’Hospital’s Rule
x—0 X x—0 2X x—0 2 2
twice. ]
Example 6: [j =] j—xx—) i 0 0, or
- l1m m m =—=0,
X—>+o0 sm / xX—>+o0 COS/ _y X—>+o0 COS 1
1
lim — = lim )’ —tim—=2 =22 _0 where y=V
i SN 1x y—0' Siny o0t cosy 1 X

Example 7: |im ln_ =lim x( In x ) 0(0) = 0 [This limit is not an indeterminate
x—0 X x—0

form of the type % , so L’Hospital’s Rule cannot be used.]



II. Indeterminate Form of the Type had

(o o]
We have previously studied limits with the indeterminate form — as shown in the

following examples:
3x2+5x 7
2 — 22 2
Example 1:  |im SXTASx=T x2 X X -
x40 2X7 =3x+1  x—o4e02x7 3x 1
2 xr X2
3+§—l
| x g2 340-0 3
1m = lim ==
x—>+<>02_§+ I 51e2-0+0 2
x 52
3x_1 3_1
. 3x-1 2 2 x 42 _0-0_0
Example 2:  [im = lim 5——= lim )i = —=
X—>—o0 X +1 X——oo X X—>—o0 1+7 1+O 1
2 2 $2
x©x
300 4 ;4
3_ 3.3 3 3
Example 3: [im x4 'mxz—x= lim x> _3-0_3
x>0 2x7+1 x>0 2x 1 x_>oog+i 0+0 O
33 x5

limit does not exist.

/4x2+1 \/4x2+1

4x2 +1 2
Example 4: lim ~———= lim —>——= lim ——2— (Vx? =—x
x—o—oo X1 X—>—o0 x+1 X—>—o0 +1
X X
[ax* +1
2
because x < 0 and thus x = —Vx* )= [j; ————=
_ +1
X—>—00
X



— 4+7
) x2 _—N4
lim T =-2.
——o0 el
* 1+ :
X

However, we could use another version of L’Hospital’s Rule.

L’Hospital’s Rule for Form =

oo

Suppose that f and g are differentiable functions on an open interval
containing x = a, except possibly at x = g, and that [jm f(x) = and

Xx—a

limg(x)=oo. If lim% has a finite limit, or if this limit is + oo or
x—a x—a g (X
—oo, then im f 0 =]im f 0 . Moreover, this statement is also true

x—a g(X) x—a g/(X)
in the case of alimitas x > a ,x > a",x — —o0, Or as x — +oo.

Example 1: [ —3x2+5x—7_1, 6x+5_1, 6.3
Pl M o i M 3T Imy Ty

3x—1 3 3 1 3
Example 2: 1 =lim —=—1lim—=—-(0)=0
ple 2: lim "5 = lim 5 =7 lim =75 (0)

Example 3: ]j 3x3—4_1_ 9x2_1, 18—x—oo
Pl ey oy T T imey,

8x
VAP +1 . 2axP 41l 4x
Example 4: hm -, = hm ANTX T = hm T
o X+1 X—>—o0 1 X—>—o00 1l4x2 +1

= L’Hospital’s

Rule does not help in this situation. We would find the limit as we

did previously.



Example 5:

Example 6:

Example 7:

2x

1n(x2+1) 11 ox(x®+1) . 2xt+2x
lim ) T lim 3¢ “lim e ) T I
X +1
8x°+2 . 24x* 48x 48 2

lim o T im e e = lim o= =3

In x y x’ x>0

lim =lim—%>=lim —=lim—==—==0
x—0" %2 x—0" _%3 x>0t — 2X x—0t — 2 - 2

lim

X—>+o0

t 1
arclan* :[hm —j(hm arctan xj = (0)@) =0 [This limit is
x—+00 X J\ x—>+o0

not an indeterminate form of the type S, so L’Hospital’s Rule

cannot be used.]

III. Indeterminate Form of the Type 0- oo

Indeterminate forms of the type 0-co can sometimes be evaluated by rewriting the
product as a quotient, and then applying L’Hospital’s Rule for the indeterminate

forms of type % or —

Example 1:

Example 2:

Example 3:

oo

| 2
In x . =X .
lim xInx=1lim—~> =lim _1x =lim—— =lim (=x) =0
x—0" x—0" / x—0" AZ x—0" X x—0"
In x ! —sin xtan x
lim (sin x)In x =]im =lim ———=lim——— =
0" x—0* CSCX x50t —CSCXCOtX x50+ X
. —sinx ) ..
[hm ](hm tan Xj =(-=D(0)=0
x—0" X x—0"

tim s )= zlszfm(//) i =1 ey =
X

6




IV. Indeterminate Form of the Type oo —oco

A limit problem that leads to one of the expressions
(+00) = (+00), (=00) = (=00), (+o0)+(=00), (—o0)+ (+o0)

is called an indeterminate form of type oo —co. Such limits are indeterminate
because the two terms exert conflicting influences on the expression; one pushes

it in the positive direction and the other pushes it in the negative direction. However,
limits problems that lead to one the expressions

(+00) + (+00) , (H00) =(=00), (=o0)+(=00), (=00) = (He0)

are not indeterminate, since the two terms work together (the first two produce a
limit of +oo and the last two produce a limit of —oo). Indeterminate forms of the
type oo—oo can sometimes be evaluated by combining the terms and manipulating

. . 0 )
the result to produce an indeterminate form of type 0 or —.
(o ]

. 1 1 . sin x — x . cosx—1
Example L: hm - = hm - . |= hm - . =
x—0" \X SInXx/) x50t \ XsinXx x—0" XCOS X+ sin x

—sin x 0
im ; =—=0
0" —XxSsin x+cosx+cosx 2

Example 2: Jim [In(1-cosx) ~In{x*)] = lim {m[l_cgsxﬂ )
X

x—0 x—0
1-—cosx sin x 1
In| 1j =1In| | =In| —
{135‘3[ ¥ H {135‘3[ 2x H @

V. Indeterminate Forms of the Types 0°, °, 17

Limits of the form [im [f(x)]*"’ {or lim [f (0 } frequently give rise to

X—a X—o0
indeterminate forms of the types 0°, ", 1°. These indeterminate forms can
sometimes be evaluated as follows:

M y=[rexoF”
2) Iny=In[f )] = gx)n[fx)]
3) lim [In y]=1lim{g) n[f (0]}

Xx—a X—a
7



The limit on the righthand side of the equation will usually be an
indeterminate limit of the type 0-oo. Evaluate this limit using the
technique previously described. Assume that ]im {g(x) ln[ f (x)]}: L.

xX—a

(4) Finally, lim [In y]=L= m[lim y} =L=lim y=e".

Xx—a Xx—a Xx—a

Example 1: Find Jjm x".

x—0"

This is an indeterminate form of the type 0°. Let y=x" = Iny=Inx"
1

) ) . Inx
xInx. lim Iny=limxlnx=1im — =1lim

. o~ =lim (-x)=0.
x—0" x—0" x—0" / x—0" _/ 5 x—0"
X X

Thus, limx*=e’=1.

x—0"

Example 2: Find [jm (e* + 1)_% .

X—>+o0

This is an indeterminate form of the type . Let y=(e* + 1)_% =

. -2 —2In(e* +1) . . —2In(e” +1)
lny=1ﬂ[(€ +1)A}=+- Iimhy=lim———=
_2 €
e’ +1 . =2er . =2e"

%
=—2.Thus, |ijm (e’ +1) "*=

X—>+o0

Im ————=lim ———=lim
X—>+o0 1 Xt € + 1 X—>+oo e

-2
e .

Example 3: Find |jm (cos x)%.

x—0"

This is an indeterminate form of the type 1. Let y = (cos x)yx =

Iny :ln[(cosx)yx} :@' lim In v = lim In(cos x) _

x—0" x—0"

lim (~tanx)=0. Thus, lim (cosx)% =" =1.

x—0" x—0"



oot &—X

= %_(I+x9) Wi (1y)

[ = XG|up ot e

(Z+€X)LII Wi (o1)

0
i (e)

X
T X6—18M—6

[— X9+ Xg— Xg IeX
-G Y " (g)
T+x— Zx+ EXL_ vxg

0<x
= zV(XSOO) wiIr (p)
1

Q<X

wir (9)

X
B X1 A—x—TM
X
(o
=N wiI - (g)
- ([Jsoo

% cot¢—X
= I wr
XS(Z IJ T )

0¢x

= [(;xX)ur— (xs0d—pur] W (¢)

E(x U[) cot+<—Xx

=L —wn

(x7)s00 - 0¢*
=————UWl ()
X — xsax

o[y S, [eIdSOH T 10] 194§ 2010%1]



sin(4x) — 2sin(2x) _

(12) lim :
x—0 X
1 1
(13) lim[.———}=
x—=0 S x X
1
(14) 1im x[«/f—l}
X—>+oo
(15) 1im Yxx=
x—07"
(2x+1}
(16) th—i_l:
x—0 X
b
17 fim [Hfj *
X—>+oo X
a8) 1i arctan(sin3x)
m - —
x—0
Tsin(rz)dt
(19) lim*———=
x—0" X

(20) lim (er +x% =

x—0

arctan x
2D lim =

X400 X

22 tim arcta‘n(sin(Bx)) _
y—s0 arcsin(2tan x)

In(cos x) _

(23) lim

x—0 X



1 X
(24) lim [1+2—j =

X—>+oo X

1
(25) lim (mX)A =

xX—>+oo

26) fim (In(e* +1)~x)=

xX—>+o0

Solution Key for .’Hospital’s Rule

M 1 xe® —x i 3xe3x+e3x—1_1,
O —cos(2x) 2 2sin2x pr

@ s (ln x)’ lim 3(In x) ( / ) ~lm ST 3(1n

1 X

Iim =lim — =+
X—>+o0 1 X—>+oo 6
6 /x

9xe®™ +3e** +3e™

4cos2x

= lim
) x—+o Gln x

(3) Lim[In(1 - cos x) — In(x*)] = lim m[l Co”j—m{hm [1‘
X x—0

x—0 x—0

(3] ()

6
4

= lim -
y Yoo 61nx

3
2

3x
@) Let y=1 = hm@—gJ = lim (1=2y)%. Now, let z=(1-2y)"» = Inz=
X X

X—>+oo y—=0*

3In(1-2
In(1-2y)" =¥=>limlnz=lim

y—=0* y—=0*

y—=0* y—0* y—=0*

limz=¢€"°

y—0*

11

3In(l-2y) _

-6

1-2y
m—2=

y—=0*

X—>+oo

B 2 3x
limlnz=—6=>1n(1imZJ=—6=>1imZ=e S lim(l—;J

=—6. Thus,

= 1im (1-2y)”

y—=0*



1 Cos(lj_l (y)-1 in( y)
. X . COS - . — S
(5) Let y=—= lim = lim Y =11m.—y=
X X—>+o0 [zj y—=0* COS(Zy) - 1 y—=0" — 2 Sm( 2y)
cos| — |—1
X

sin . 1

1
m-— 1m -
y—0t 4sin ycosy yso4cosy 4

VI—x - \/ X Vi—x=1-x> JI-x++1-4’

(6) lim =1lim

x—0 x—0 X 4/1 X+1,1 X

(1—x)—(1—x2) x*—x ) x—1 1

li =l =1 =——.
Xlg)lx(\/l—x+\]1—x) Xlg)lx(\/l x++1- x) Xlg)lxll—x+\/1—x2 2

(7) Let y= (cosx)/ = In y = In(cos x)/ M = lim (In ¥)=lim M
X x—0 x—0 X
—sin x
) . —sinx . (sinx -1 1 .
lim 2% =1im = hm[ j[ j= ——. Thus, lim(ny)=-
=0 2X x50 2XCOSX x50\ X 2cosx 2 x50
1 -1 — -
ln(linoly)=—5:>1inoly =e % = linol(COSX)%‘ =1m01y =,
SxP-Tx0+xt—x+2 0 200 =21x7+2x—-1_  60x° —42x+2

8 . — =
® lm = e e 1 M e M3 e

20 .. )
F = limit does not exist.

0 i OB 9-VBI-Sx 9+\BI-Sx . 81-81-5x) _
e R 0 X 94+BI-5x 20 a9+81-5x)

5x X 5 5

I lim——— =
0 1o+ 81-5x) <+ 9+y81-5r 18

3x2
a0 fm mn(r+2) . ia . 3(5x° —1) . 15x° =3
lim; sy~ im s RIS +2) SRSk 430

553 -1

12



. =2lIn(e* +1
(11) Lety=(ex+1)/31ny ln(e +1)/ —(e ) = limny=
X X—>+oo
—2e"
. —2In(e*+1) . x . =2t . =2e" )
lim———— = lim < = lim =lim ——=-2. Thus, limIny=
X—>+oo X X—>+oo 1 X—+o0 € 1 X0 € X—>+o0
2= limy|= im y = (e +1)7* = lim y=¢
—2=hllimy|=2=1limy=¢ = limle*+1)* =limy=e

. sin(4x)—2sin(2x) . 4cos(4x)—4cos(2x) . —16sin(4x)+8sin(2x)
(12) lim =lim =lim =

x—0 X x—0 3x 2 x—0 6x

. —64cos(4x)+16cos(2x) —48
lim 6 e

1 1 —si 1-
(13) lim[. ——}hno{x .Smx}lim&:

=0 | SINXx X xXsm x x—0 XCOSX+SIn x

sin x 0
im , =—=0.
x50 —Xxsin x+cosx+cosx 2

(%_j , e -1 _ ‘/(_%z)

14) i l|= —= —=—=1
AT i T
X X

X—>+oo

w4
(15) lim¥xInx= hm =lim —* - =lim T =1im(-3¥x)=0.
x—0" x—0" x—07" / x—0" X x—0"
m(2x+1j [5x+1j[2(5x+1)—5(2x+1)j
Sx+1 2x+1 (5x+1)? —3
16 1 o - 3.
(16) lim——" lim 1 ~hm i DGx D)

L im(159) S pim (140 )% /
(17) Let y=—= lim| 1 +— =hm(l+ey) 2y, Next, let z=(1+ey) 2y =>Inz=
X X

X—>+oo y—0*
e

In(1+ey) —im I+ey € Thus
2 ’

In(1+
o DA iz = lim

2 y y—=0* y—=0* 2 y y—=0* 2

1n(1+ey)

13



(18)

19)

(20)

21

(22)

(23)

hmhlZ:g:}hl(llm Zj:izlimZ:eé = hm[l-l-EJ zlim(1+ey )A} =

y—=0* y—0* y—=0* X—>+oo0 y—0*

. ln 2x+
1imz=eé.y=(€2”‘+x)%“ :>1Hy:1n(€zx+x)%c :(e—X):Hmlny:
0" X x—0
_3cosdx
. arctan(sin3x) . 1+sin23x
lim =lim =3.
=0 X x—0 1
sinl¢? dt
; £ ( )d ) sin(x*) _ . 2xcos(x’) _ . cos(x’) 1
xl—g} X3 xl—g} 3X 2 x—0" 6-x Xl—g} 3 3 '
2x 2x ln(ezx+x) .
Lety:(e + X X:>1ny:ln(e +x x:—:llmlny:
X x—0
( ) 2¢™ +1
 Inle* +x . ) )

1
limy=e¢’ = lim(e* +x)4 =limy=¢’.

x—0 x—0 x—0

. arctanx %

lim =—==0.
X—>+oo X + oo

3cos3x
. —_— 3

lim arctan(sin(3x)) _ .. 1+sin?3x _ i _3

w0 arcsin(2tanx)  xs0  2sec’ x 2 1 2

v1—4tan? x
—sin x

. ln(COS X) . COS X . sin x -1 1
Iim >— =lim =lim =—0.
x—0 X x—0 2x x—0 X 2 COS X 2

1 1Y Y 1V
(24) Let y=—= lim 1+2— =1lim 1+5y . Let z= 1+5y =Inz=

X X—>+o0 X

y—0*

14



=—— = 1limlhz=1lim =lim =
y : : y

ln[1+lyj% ln[l-l_;yj
2

1 1 1Y
Thus, limlnz=5:>1n(ljmzj=—:>ljmz:ey2 = 1im(1+2—J
X

y—=0* y—=0* y—=0* X—>+oo

1

e
1im[1+%yJ —limz=¢">.

y—0* y—=0*

1 1 In(ln x In(In x
(25) Let y=(nx) = Iny=Indnx’ =100 0y = jm 2 _
1
1im&1x=1im xmx=0. Thus, limlny=0=>1n(limyj=0=>limy=

¢ =1= fim (02" = lim y=1.

X—>+oo X—>+oo

(26) 1im (In(e* +1)= x)= lim (Infe* +1)~Ine*)= lim (ln(ex:ln _

X
X—>+o0 X—>+oo X—>+o0

{2 ol
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